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In a recent paper published in Journal of Differential Equations, Irigoyen
[2] proved that any truncation of order 3 of the symmetric two fixed
centres problem is not completely integrable through meromorphic integrals.
The purpose of this note is to point out that, in fact, neither is any truncation
of the asymmetric problem. This is deduced from a result published nearly
simultaneously by the authors [1], who established the non-integrability of
any truncation of the zonal satellite problem.
The problem of the two fixed centres, with masses equal to m1 and m2
located at (0, 0, c1) and (0, 0, c2), respectively, has a Hamiltonian, which in
cylindrical coordinates (\, %, z), is given by
H=
1
2 \ p2\+
p2%
\2
+p2+&U(\, z), (1)
where
U(\, z)=
1
r {
m1
_1&2 zr
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r
+\c1r +
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and the same notation as in [2] has been used.
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In the asymmetric case we can also assume c2=&c1=c>0, but now
m1{m2 . The potential (2) can be developed in spherical harmonics in the
habitual way so that we obtain
U(\, z)=
1
r
:

n=1
dn
rn
Pn \zr+ , (3)
where the constants dn are given by dn=[m1+(&1)n m2 ]cn, Pn(zr) is the
Legendre polynomial of degree n and the expansion is convergent if |zr|<1
and (cr)<1. Notice that unlike the symmetric case, this expansion contains
zonal harmonics of all the orders, even and odd.
The potential (3) turns out to be a particular case of that corresponding
to the zonal satellite, in which all the constants dn are arbitrary. In [1] the
authors considered a Hamiltonian of the form
H=
1
2 \ p2\+
p2%
\2
+p2z+&+r +V, (4)
with
V= :
n
k=2
=k
rk+1
Pk \zr+ , (5)
and proved that for any n2 it is not completely integrable in the
Liouville sense, assuming the integrals to be meromorphic.
Hence, as any truncation of the asymmetric two fixed centres problem is
a particular case of this Hamiltonian, it is non-integrable too.
We understand that it can be interesting to give a brief scheme of the
proof presented in [1], the reader being referred to that paper for the details.
As in [2], the proof is based on Ziglin and Yoshida’s results. However,
a different particular basic solution is used since the solution in the equatorial
plane that was taken in [2], and in a former paper [3], is not suitable for
its use with odd order harmonics. The basic solution taken by the authors
is that with \=0 and z=z0 , z0 being a solution to the equation
&(n+1)
(- z20)n+3
Pn \ z0- z20+=
1
=n
,
which always exists as it can reach complex values.
It is considered firstly that, p%=const. being an integral, any additional
meromorphic integral can be assumed analytical in p% without losing generality
and so, on the submanifold p%=0, it will give rise to a meromorphic
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integral with respect to the other variables. In this way, the integrability of
(4) reduces to that of a two degrees of freedom problem with Hamiltonian
H=
1
2
( p2\+p
2
z)&
+
r
+V(z, r(\, z)). (6)
Now, the change of scale (t, \, z; p\ , pz)  (t , \ , z ; p \ , p z) defined by
t=;t ,
\=;2(n+3)\ , p\=;&(n+1)(n+3)p \ ,
z=;2(n+3)z , pz=;&(n+1)(n+3)p z
provides, as ;  0, the limit problem
K=
1
2
( p2\+p
2
z)+Vn , with Vn=
=n
rn+1
Pn \zr+ , (7)
and where the bar in the new variables has been removed for the sake of
simplicity in the notation. Let us remark that the constant =n is irrelevant
and can be normalized to any value by scaling (eventually a complex
scaling), the usual one being &1(n+1).
The non-existence of an additional integral of (7) depends on the value
of the coefficient of integrability *. Straightforward calculations give
*=
1
n+1
P$n(1)+1=1+
n
2
>1
and so, as for homogeneous potentials of degree <&3 the non-integrability
regions defined by Yoshida [4] contain the interval (1, ), we conclude
that the auxiliary problem (7) does not have any other meromorphic
integral independent of the Hamiltonian itself.
Finally, the non-integrability through meromorphic integrals of the original
Hamiltonian (4) is obtained by using another theorem by Yoshida [[5],
Theorem 4.1] which is applicable when the potential consists of a finite
number of homogeneous terms.
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